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Comics
,
invariants

,

center

1. Standard Comics

1) Parabola im
Let : Let a <0.TheStandard parabola with models a

is

y= 4ax.

*
12 Ellipse Etch
Lef : Let a < b > 0.TheStandard real ellipse

with moduli a
,
b is

axs
S

auxilary circle39
&

more
Note In our definition

,

circles are not ellipses ,
but

circles are obtained by takinglimits b -> a



(3) HyperbolaM
Lef : Let a , b >0 . Thestandard hyperbol with modulia , 3

is the

coric - = 1

positive
- branch

# Mamiya transverse axis

2. Matrices and invariants

Lef :Auadratic function Q : IRXIR -> IR
(s , y) Inex QCK , 4)

such that
Q(K , 1) = ac + Chay + by2 + 2gx +2 fy + c

E. g. The unit circle 2 +y= 1 can be viewed as theSet

2 (Q) = & (x , y) -IRXIR : Q(n) = x2+y-1 = 0)
AsH

Two fundraticfunctions Q Quanecularmultiples of
eacha

Def : A cor is a set of quadratic functions each of which
is a scalar multiple of the other.

x2 + o - 1
2
-
2000

.....[Q =

=200
wood

Q2O2T+O2-1924) I
Conic

-

Q -↑
Quadratic function

S



D

Def Let Q, ) = artzhag + by + 2gx + 2fy + 2 be

aConic.

tay

Therace invariant T is a + b

Thedelta invariant S is ab-42

The discriminant & is albc-f)th(fg-hc) +g(hf-gb)

Note Matrix interpretation .

Need to know what determinants are
E

What is Matrix ? A rectangular arrangement of numbers

# (o I
ZHY X IEL

2 x 3 with 34 3 34th

Elect

I (a) = (in)
(i) + (2)

: X Iton = (atht



)=a)
useless

II

I actbe aa
AoX

-#
A()
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-

Y

Homecion : Convince yourself : Matrix addition is commutative

↳z!=6
and associative

M

Also ,
matrix multiplication is associative. However,

matix multiplication is not commutative
. Find an example.

Matrix inverse ? For example in IR , knowinga y

means knowing y satisfying x .

y = 1

Let A be anmatrix its inverse f
+

is a matrix satisfying

AA = In = (61 ..0) identity Eine



Exercise Find (2) such that (a)) =(i)
# El-E)
(efft =(a)

,
(A) = ad-be

or det ft)

A

= /AtlantaI
=9,2(9a3 - 2931)
# a,z (921932-12931)

F nxn H

2x2 if t oset
o Matrix interpretation of invariants.

Let Q
, 4) = artchan +by + 2gutsfute

↓ Associated Matrix

b = ( I
· Symmetric matrix.

of C

z = (xy 1)



You check!

Q, )
= (ayn)(()
1x #X OXD

Let's look at paph)
:at

12 1
,554

a lit des tags +a4H
un

=: trace (A)

T S -
Iltrace"(b) dis) det A

#of : The invariants [
,

S
, 0 are not invariant under

scalar multiplication. However , the following important
equalities and inequalities remain invariant:

T = 0 S = 0 * 0

T + 0
870 X = 0

Jo

(. (
8 m XS
- -> X



+ 1Examples H) Q(x
, 4) = 22+42-1 e = 2 2 = 2

+ 6

S = 1 S = 1
Associated matix (6%) 0 = -10 = 0

2 = 2

S = 1

- = 1

2) Q( , ) = y2-4axato

Associated Matrix
-2a

T = 1
O(8: 8 = 0

-200 4 = -492 70
.

(3) Q ,4) = I IY-1 ellipse So
hyperbola 20

Associated matrix Yah ⑧ 8 2 =r

I O Y50 S 8 =2
.

O & -
40 .

Cost!!

"Invariance
· to 150Tpe

Parabola

80 hyperbole hyperbola

Lief : A coric Q is said tobedegenerateif X = 0



Examples(of degenerate corries

Q4) = 0

#
Q (x ,7) = 22 +42 : irreducible·

3. Reducible comics
A line h : antbyt

IDef : A comic Q isducible if there exists 2
,
1 : lines

such that Q = CL'E (authutc)(alre+by+1)
·

Here 1
,
2 are calledcomponents of Q and

Q = O is the Joint equation of 2
,

2 ·
-

Otherwise
, Q is reducible

&

What are possible reducible comics?
2

2 = 2/

X /1 I
Exercise IS Q(K ,4) =-*- xy -242 +2x +54 - 3 a reducible

Conic?

Q ,y
= (1x - 4+)(2x -2y +P

-
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Lemma
-

: Let Q be a comic and I a line not

Parallel to the y-axis. Then there is a unique line2

and a unique quadratic function JC) S
.

t.

Q(x , 1) = 1(x , 4) 2 '(x , 4) + J(x)
ze

Theorem: ( Component Lemma) Suppose every point on the line I lies

on Q : a conic
.

Then Q must bea reducible Conic.

O . e .

there exists 2 a live such that

Q: 12/
Proof : Assume 2 : not parallel to y-axis.

OXI GIL' + Jan for some 2
,
Jas.

For every ,
there is a unique y

In the assumption , s . t
.

((k ,4) = 0 => Q(K, y) = 0
.

Therefore J(x) = O for every 2 -IR.

Q = 22.
Sketch of proof of Lemma : 1=da + py+ r 22' zit

21= I'a+By+ r/ 32xy , yets
&

BB a+28 Estr



& 24 . 4) of iney citer 11

= b

&po = ch

up + PD = If
.

- p = ( % ( Eddet ou 931

+ o has a unique so

· Jc) := Q ,02- ((u .07 &'Ca , 01 .

) det(A)
+0


