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Lecture 2
.

Centers of Comics
,

geometric transformations

1. The Concept of aCenter

What is it ?

"Eidst.
Ref : Let W = (U

,

5) : fixed.

A Central reflection in W is a mapping

R2 -> IR Such that (2,4)I> [24-3 ,

20-g)

·(, 1)
Note The mid point of cr,y) and its

OCentral reflection in W is W itself.

Lef : Let Q be a conic.
??

ACater W = (u
,
r) of Q is a point that

Satisfies Q(x , 4) = Q (2n -x
,
25-y)

.



Example1 For Q(x , 1) = (x - x(" +(- b) + 2

Verify that 1 , 91 is a center of Q.

(x -2(2 + (y-p +r = (a- x) - a) + 129-4) - 91 + r

"QuD
Note : This definition makes sense whether or not the zero set

of a canic Q contains a point.

2. Finding Centers

Lef : AI translation of the plane through cu
,
2:

is a mapping IR2 -> IR where x = X+ u

-
(X ,Y) m (x , y) y = Y+v

Observation : Given a Conic Q ,1) translated through ca ,
0>

and obtain a new coric R(X
,
Y) = Q (X+, Yor)

Recall Q(K ,4) = artchan +by textfyt



11) The quadratic terms remain unchanged
,
while

linear and constant terms vary.

2) The constant term of R(X
, Y) is QU ,

2)

Example: Q (x ,%) = 2x2 +342 - 122 +12y + 24

translated through 221-2)

R(X
,Y) = Q(X +3

, y- 2)

= 2x2+342+
Lemma
- A point (4 ,

21 is a center of Q(K. 9) : Corric

#)(0
, 0) is a center for the translated corric

R (X
, () =Q(X+u

,
y+v)

&roof :

& R(x
, Y) = Q(x+2

, y+1. FQ(24 -(x+u)
,
2v- (y+1)

MV = Q(U-,Ty

= R(-x
,

-

y)
= R(2 . 0 -x

,
2 . 0-

y)

20, 03 : Center of R
. 17

&ma : Let Q( , y) = artchey + by2+2getady + C

(0 , O) is a center of Q) The coefficients of
the linea terms x

, y
are both Jero.



&roof : (0, 0) is
a centur of Q

= Q(4 , 7) = Q (x,

- 4)

#) The following are identical
& ( , 4) = ar +che +by + 2getsfy t
& ( - x, - y) = ax2 +chay +by2 -2gx-2fy +C

29 = - 29, 2f = -2f

: g = 0 and f= 0. ⑪

Theorem (Center of a comic) Let Q be as above.

If (4 ,
2) is a center of Q

,

then it is a solution to

au+ hu +g = 0

E nu + bu + f = 0

and Vice Versa

Brook : We've seen that

Cu
,r) : center of Q E) 10, 0 is a centerof Qlath,ytvt

#) Coefficients of linear terms of
Queetu

, y+us areJero .

Q(xfu , y+r) = a Cretu) +24(+u)(y +v) + b(y+r
+2g(x+u) + 2f(y+v) +C



O
/S

=

fundratic
+a + Jacur +2g)a-

O

+ahutzfig
17

Not Q ,y) = an+ they +by+ 2gatsfute
2 :

"partial (ur) = authytg

(
=
he + by + flar,

=0.

Example is Q1 , 4) = y2-tase ,

aso standard parabola
FindCenter if any

& Solution = center
.& where is ho water

2)Q(x
, y) = ax + by +

= za O

I
If a

,
b both houser

2 =

2by = 0
then u

,y)
= 10

, 0) is the

only center.

If C = 0 E) The Center (0, 0) is in the yewset of
QCx,4)



If a= 0
, 670 ,

then
any points on the straight line

Y=0 is a center. Similar for the case ato
,

b= 0.

3. Geometry of Centers

Theorem : Let Q( ,1) = antchay +by + egathfy + c : Comic
.

11) Q has a unique center ,
a line of centers ,

or no centers.

2) Q has a unique center) If 0.
(3) If Q has line of centes then X = 0.

Aerof (1) Obvious

RIgas thygo has a unique solutionon

ha + by + f = 0

Es (h) (2) = [G) was a unique solutiono

) + 0

8
.

(3) #) has infinitely many solutions
E

(a,hig) are of scalar multipon

E 8 =I
-

Scalar multiple



4. Congruences
Idea : In Geometry , 11. When can we say two objects are the

same ?
↳ Can you classify them ?

Def :
Consider a planar map of S .+ . 9 (x

,
Y) = (x , y)

I · (X ,
Y)-

Her x = x(X,)
arecomponents of $

y =g(X , Y)

The map o is invertible if for every (, 4) there is a

unique (X , ) Such that $(X, Y) = (x. 7) :

↑+ (x , y) = (X , Y)

The components of of are X = X (x , 4)
&

Y= Y(x , y)

IDef : The Rotationmatrix through an angle 6 is

R(o) :

=COSC -Sina (( #ex. 4)



You check !

(4) Coscia( SinG

Note : R(G) is a planar map
.

↓roposition :

"R(Q , 10R(Q) # R(Q ,+OL = R(O2)o R(Q ,
4) RIQ)oRIE) = Ic = R(a) · RIP

Notice that & R(C) : OEIRS has a special algebraic

(SORT , ) . gamous Lie
group

feature

Let
:Ame is a planar map p : /Ri>R

↑ (7) = &Zetimalwhere z= (X
,
Y) . Part

&man : This definition of Conquence does not
take into account possible reflections.

I
I I

· . .



We can always write a congruence in terms of

Coordinates

(3) = Ra(* ) + (i) where T =c
,r

= Scosax-Sinay + uSinceX + CoSQY +V

We can also find the inverse of o
↑ (3) = REAL) -Rat

= (k-u) COSC + (4-v) Since&
- (K-U) Since + cy-ri cose.

Example Central reflection. in the print (a . 2)

(x ,
Y) -> (x , y)

x= 2u - X

y = zu -

Y

.

(2) = ( ( = (CoS) (*) + (2)
·: GXG

- > G
(a

,b) a bLef : A pair (G, ) is a

group ifoassociati such thatEgg



131 For every g8G ,
thereis got

Such that ggt = e.

torem The Congruences from a group.

Cong (IRE) : [0 :2 : % : congruent
↓$2 , y : congrue

(1) &
, (%9) = (4 , %2) %3

2) In

131?


