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Midterm Exam

Fall 2021, Complex Analysis II

Mathematics Education, Chungbuk National University

28.10.2021 15:00–16:40

Instructions: Please write your name on each page. If you want some portion of your writings on

your answer sheet not to be graded, just cross it out. You are not allowed to use your textbook

or notes. You cannot use any electronic device in this exam. You are not allowed to talk to other

students. Please write all details explicitly. Answers without justifications and/or calculation steps

may receive no score.

Extra sheets: Use the blank page on the back of each answer sheet as your scrap paper. Your

work on blank pages will not be graded. Do not write your answers on those blank pages. If you

need more space for writing down your answers, please ask for additional sheets.

1. Answer whether each of the following statements is true or false. No need to give reasons or

details. Just say true or false. 2 points for each correct answer, 0 point for no answer, and �2

points for each incorrect answer.

(1) The winding number of a curve C at 0 that wraps the unit circle k times is 1
2⇡i

R
C

1
zdz.

(2) The value of ii is e�
⇡
2 .

(3) If D is a simply connected domain, then a holomorphic branch of complex logarithm is defined

by
R z
z0

d⇣
⇣ + log z0 for some z0 2 D.

(4) The winding number n(�,↵) of the curve � at ↵ 2 C is a constant in the connected components

of the complement of �.

(5) The C-valued function f(z) = z
ez�1 has a removable singularity at z = 0.
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By Riemann's theorem on removable Singularity , if has a
renewable Singularity at 7--0 .
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2. The principal value of the complex logarithm is defined on �⇡
2  Arg(z) <

3⇡
2 and z

1/2

is defined on that holomorphic branch of the logarithm. Compute
R
|z|=2 3z

1/2
dz. [10 points]
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3. Let D = {z 2 C|0 < |z| < 1} be a region in the complex plane C and a function f : D ! C be

holomorphic. For an arbitrary z 2 D, the function f(z) satisfies an inequality

|f(z)|  1 + ln

✓
1 + |z|
2|z|

◆
.

Show that f(z) has a removable singularity at z = 0. If f
�
1
2

�
= 1, compute the value of f

�
1+i
3

�
. [15

points]
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tote that It lm(¥fY- ) for • < 12-1<1
has a later bound 1

. Hence by Riemann's theorem
for renewable singularity , from b- fast →o as 12-1-30

Glim two )
,

f- has a renewable Singularity 4-7=0 .7-to

woo but gig = {
&" " °

be a holomorphic function
l¥☐ feel oft-0

defined on# -4
. ay the Maximum modulus pnm.ph ,

f has a maximum when 12-1=1
,
whereas him #1=1

2-→1-
Notethat f-⇐ 1=1

.

This means that f- mustbea
constant

. Hence f ) = 1
. ✓
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4. Let

f(x) =
e
x � 1

1� x

be a function defined on {x 2 R| � 1 < x < 1}. Find the 3rd-order Taylor polynomial expanded at

x = 0. Also compute the integral Z

C

e
z � 1

z4(1� z)
dz,

where C is a curve in the complex plane traveling along the circle centered at 0 with radius 1
2

revolving once in counterclockwise direction. [10 points]
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2020- t9 .
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.

et -1 = ✗ + Ex' t tox ' t - - -

¥ = It +1-+2 t - - 1×1<1

f-x-p 9¥ = ✗ +Fitt:÷¥4✗ 't
-
-

So the 3rd order Taylor polynomial is E.✗'+£x7x
.

¥÷⇒=f¥-=¥t¥+§¥#
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5. Show that an equation in complex variables z + e
�z = 2 has only one complex root in

|z � 2| < 2, and also show that the root is real. [20 points]

5

2008-14

Sof: for 2--2
go,=e→ . #"h { 2- c-e : 12-21=2}

our
, f-1=2

.

e-4<-181
= e
"

£1
E-ntty

So Ifl 7×181 , whereas f has only one ratinsider

Namely 8--2 . Therefore
, by Ranchi's theorem

,

ftg = z-z + e-7--0 has a unique root in

17-4 < 2
.

To see the root of ftg is teal
,

consider her> = a-zté?

clearly hit = - I té ' <o
,

h ③ → It e-
3 >0

. Since ha ,
is continuous on IR

, by the intermediate value Kenan , h has a

root in (o
,
4)

.

✓
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6. Suppose f is holomorphic inside and on a positively oriented simple closed curve � and

has no zeros on �. Show that if m is a positive integer then

1

2⇡i

Z

�
z
m f

0(z)

f(z)
dz =

X

k

(zk)
m

where zk is the k
th zero of f inside �. [10 points]
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Sof : Ay the Residue theorem ,

i¥*=-;¥¥f¥i :)
=3 "¥h⇒E¥ñr
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7. Consider CR = {Re
it 2 C|0  t  ⇡} a semicircle with radius R in the complex plane C

as in the figure below. For a > 0 and b > 0, show that

lim
R!1

Z

CR

ze
ibz

z2 + a2
dz = 0

and compute Z 1

�1

xe
ibx

x2 + a2
dx.

[15 points]
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i

Sofi. Let 2-C- CR . Then 7- Reit
,

C- c- [ 0, a]
.

If we let 2- = atig , ib 2- = - by+ ibx .

Let A = { e- c- CR : Im 23h }
B- { 2- c- Ca : Ink h )

zeibzIS,⇒dtkR%¥- . ar - e
,
e-
bh

.

Is;É÷ a- Is Egan = GI
.

Seth-- ik

omfg t÷÷idtk c. e-big-city → o as R→• .
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8. Compute
1X

n=1

1

n4

by using the residue theorem. (Cf. cot z = 1
z �

z
3 �

z3

45 �
2z5

945 �
z7

4725 +O
�
z
9
�
. No need to justify how

you have obtained the given infinite sum as a residue of a some complex-valued function at a point.

The grader will look at only the final answer.) [10 points]
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Wherefore :) poles of f-
.

So Éfcm =
- In Resfftrawtaa ; 2-a)→

n
-to

Intros problem , feet ¥,
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So
Tu Therefore
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